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Abstract. In this paper, we study the well-posedness of boundary 
value problems for a special class of degenerate elliptic equations com- 
ing from geometry. Such problems is intimately tied to rigidity problem 
arising in infinitesimal isometric deformation, The characteristic form 
of this class of equations is changing its signs in the domain. Therefore 
the well-posedness of these above problems deserve to make a further 
discussion. Finally, we get the existence and uniqueness of H 1 solution 
for such boundary value problems. 

1. Introduction. 

In this section, we introduce briefly the history of the research to de- 
generate elliptic equations and some geometric backgrounds to a class of 
degenerate elliptic equations which we are concerned with. Next we will put 
forward the main question of this paper. In the last part of this section, we 
will summarize the main result and its trivial generalization about existence 
and uniqueness for solution to such a class of equations. 

1.1. Historical remarks and backgrounds. In this subsection, we will 
introduce the brief history and the current status of investigation about the 
degenerate elliptic equations. We observe the equation 

Lu = a lj u XiX] + b k u Xk + cu = f in 17, 

where u Xk = du/dxk,u XiXj = d 2 u/ dxidxj etc. and the index i,j,k runs 
from 1 to n and repeated indices imply summation. (From now on we will 
use such summation convention throughout this paper). If for any vector 
f = (£, . ..,£„) e R n , a? j (x)€i£j > for all x = (a?i, ...,x n ) GSia™. Then 
Lu = f is called second order PDE with nonnegative characteristic form, 
and also called second order degenerate elliptic equation, or second order 
elliptic-parabolic equation in domain £1. They contain elliptic equation, 
parabolic equation, one order differential equation, Brown Motion equation 
and some important equations introduced later. 
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The study of degenerate elliptic equations can be traced back to 1910's, 
first appeared in Picone's thesis. After that, the Tricomi's research report 
P and his research on the mixed-type partial differential equation. Besides, 
M.V. Keldys J2|; Fichera; J. Kohn and L. Nirenberg [3]; O.A.Olemik gj, 0; 
E.V. Radkevic [7j etc., they all do many works for laying a foundation in 
this field. After half century's development in this field, O.A. Oleinik and 
E.V. Radkevic, published their classical monograph |Sj in 1971. Their mono- 
graph summarized the theories developed before 1970's, and established a 
general framework for the theories to second order degenerate linear elliptic 
equations. They stated the existence and uniqueness of weak solution for 
the general boundary value problem to such equations in L p space and some 
Hilbert spaces, and made a certain further contribution to the regularity 
theories of weak solutions for the general boundary value problems to such 
equations. During the past three decades, several progresses have been made 
in the research of second order degenerate linear elliptic equations. But we 
only enumerate the partial well-known and representative work at here. For 
instance, L. Caffarelli, L. Nirenberg and J. Spruck [S| had studied the degen- 
erate Monge-Ampere equation; H. Brezis and P.L. Lions ^U] had studied 
the Yang-Mills equation — x 2 Au + 2u = f(u) describing gauge fields; E.B. 
Fabes, C.E. Kenig and D. Jerison had studied the general degenerate 
elliptic equation with the divergence form di{a,ij{x)dju) = f(x) and so on. 

A geometric background. Fanghua Lin jUj had studied the following 
Dirichlet problem for minimal graphs in hyperbolic space 



(1.1) 



A/ - , ■ i 2 f,j + ~ = in U, 



fifj f " 

/ > in O, 
/Ian = on dn > 



where Cl C W 1 , n > 2, is a bounded open domain; \df\ 2 = S" =1 fa = f Xi 
for < i < n. Obviously, by direct computation we know that the equation 
(|l.lj) is just the Euler-Lagrange equation of the variational integral 



A[f,K]= [ f- n y/l + \df\*dx 

JK 



for all compact subsets K of CI. Since graph(f) is a C 1,Q -manifold with 
boundary in M n+1 , and since the tangent planes of graph(f) along the 
boundary dfl are vertical, we view graph(f) near a point at dCl as a graph 
over such a vertical plane. This is equivalent to the hodograph transfor- 
mation of Ql.ip . Then the corresponding P.D.E. for the function u which 
represents the graph(f) is 

UlUj 2 Uij) - nu y = in B^(0), 




(1.2) <J l + \du 

= <p(x) for |x| < 1 
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where -Eq(O) = {(x,y) £ : \x\ < 1,0 < y < 1}. This is a degenerate 
quasilinear elliptic equation. Fanghua Lin shows the solutions u of (|1.2j) are 
as smooth as (p in By 2 (0), and use this fact to prove the following result: 

Theorem. If dfl is of class C k,a , then graph(f ) is a C ,a hypersurface 
with boundary for either (1) 1 < k < n — 1 and < a < 1 or (2) n < k < oo 
and < a < 1. 

Another geometric background. Recently, ones come into contact 
with a class of second order degenerate elliptic equations when they study 
the rigidity problem arising in infinitesimal isometric deformation. We shall 
simply introduce some geometric backgrounds about the above equations in 
the following. The details can be found in ^2j, Jl], |16j and |17j . 

Given a metric g with smooth positive curvature K on the closed unit disk 
D. In the sequel we always denote it by (D, g). In terms of local coordinates 
system (u l ,u 2 ) on D, the metric g can be expressed as g = gijdu % du 3 . 
Suppose that f = (x,y,z) is a smooth isometric embedding of (D,g) into 
M 3 . and the boundary f(dD) is a C 2 planar convex curve. By the Gauss 
equations we have in a local coordinate system, 

(1.3) = T k jf k + Q,ijfi or Vijf= Q.ijn (i,j, k = 1, 2), 

where subscripts i,j and Vjj denote Euclidean and convariant derivatives 
respectively, the coefficients of the second fundamental form, T k - the 
Christoffel symbols with respect to the metric and n the unit normal to r. 
For each unit constant vector, for instance, the unit vector k of the z axis, 
taking the scale product of k with the two hind sides of (jl.3|) and using the 
Gauss equations one can get 

(1.4) det(V^) = Kdet( gij ) (n,k) 2 (i,j = 1,2), 
where K is Gaussian curvature. Notice that 

{n,k 2 = 1- ( K 1 2 i ) =\-g l H i Zj = 1- Vz 2 , 

where Vz = (g 11 zi, g 21 z\) is the gradient of z. Inserting the last expression 
into (|1.4jl . we deduce the Darboux equation 

(1.5) F(z) = det(Vy-z) - K det(^) (1 - |Vz| 2 ) = 0. 

Obviously each component of r satisfies the Darboux equation (|1.5|) . 

Given a smooth surface r in M 3 one consider its deformation ft : (— e, e) 9 
t — > M 3 with r*o = f . If i = is a critical point of the metric g(t) = dff, 
we say that the derivative with respect to t of ft at t = give rise a first 
order infinitesimal isometric deformation of f. Denoting this infinitesimal 
isometric deformation by f = (dft/dt)(0), and we call it the first order 
infinitesimal deformation vector, or the first order deformation vector. So 
we have 

(1.6) ±(df 2 )\ t=Q = (df,df) = 0. 
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Obviously, any rigid body motion of r, f = A x r + B for arbitrary two 
constant vectors A and B, is always a solution of (|1,6|) and such solutions 
are called trivial ones. We say that f is of infinitesimal rigidity for first 
order isometric deformation if 1)1.6)1 has no nontrivial solution. As is well 
known, for closed surface now we only know that closed C 2 convex surfaces 
are infinitesimally rigid. For a surface r with boundary, usually it is not 
infinitesimally rigid if there is no restriction to the deformation on the the 
boundary of f. Therefore we must impose some condition, for instance, 

(f, k) = on dD, 

where k is the unit vector of z axis. 

Let us consider an infinitesimal isometric deformation of surface r, f t = 
r+er where f = (£, rj, £) satisfies (jl.6|) . Notice that e = is the critical point 
of g e = dr 2 and hence, the diferentiation of its Gaussian curvature K(e) and 
Christoffel symbols T^-(e) (i,j,k = 1,2) (i.e. connection coefficients) in e 
are equal to zero at e = 0. Then differntiation of the Darboux equation 1)1.5)) 
for z + e£ with respect to e, letting e = 0, gives 

(1.7) F l \z) VijC + 2K det( 9ij ) (Vz, VC) = 0, 

where F lJ \z) = <9det(V ki)/dVijZ = 1,2) is the algebraic cofactors of 
VijZ. 

Since Vyf= fij-T^f k = O^n = 1, 2), we have VijZ = z^-T^Zk = 
Qij(n,k) = 1,2). So 1)1.7|) can be written as follows 

(1.8) (ft, k)n ij VijC + 2(Vz, VC) = 0. 

where (O lJ ) = (Ojj) -1 is the inverse of matrix (Oj,-). 

Obviously, the is a positive definite matrix if Gaussian curvature 

K is positive. 1)1.81) is of nonnegative characteristic form in the subdomain 
{ (u l ,u 2 ) G D : (n,k) > 0}, is of nonpositive characteristic form in the sub- 
domain { (tr, u 2 ) £ D : (n,k) < 0}, and is one order PDE in the subdomain 
{(u l ,u 2 ) G D : (n,k) = 0}. Therefore, ()1.8j) is characteristic degenerate, 
and its characteristic form changing sign in domain D. 

The spherical crown is an example of this aspect (see |14j). Let us consider 
a spherical crown Y2x = I 2 - 2 + y 2 + z 2 = 1 : z < 0}. In spherical coordinates 

Yt\ = { (sin 9 cos <fi, sin 9 sin 0, — cos 9) \ < <ft < 2ir, < 9 < 9* = arccos(— A) }, 

where A is a positive constant, and 9 = stand for the South pole. is the 
isometric embedding of the metric g = d9 2 + sin 2 9d(J) 2 ,0 < 9 < 9*. Since 
A > 0, so contains the below hemisphere. In the present case, 1)1.8)1 may 
be written as follows 

(1.9) cos0[(siii0C*)s + (^z)J +2sin 2 ^ = 0, 9 E (0,9,). 

1 sm9 f 

with the constraint condition in here as follows: 

C = on 9 = 9* and £ is bounded near 9 = 0. 
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Evidently is elliptic as 9 / ir/2. We ought to show that: if 9* > 0, 

then (HU is of nonnegative characteristic form as < 9 < ^, and is of 
nonpositive characteristic form as 5 < 9 < 9*. 

In the same way, one may consider another infinitesimal isometric de- 
formation of surface f in the following f e = f + ef\ + e 2 T2 + ■ • • . Denote 
ti = (£i,?7i,Cl); ^2 = (^1,^2^2)1 and so on. We respectively call f[,T2 the 
first order deformation vector, the second order deformation vector, etc. 
Obviously, 

g e = (df e , df e ) = (df, df) + 2e(df, dfx) + e 2 [2(df, df 2 ) + (dri, <Ztl)] + 0(e 3 ). 
If g e = (df, df) + 0(e 3 ), Then f\ and f 2 should satisfy the following systems 

r {df,df 1 ) = o, 

\ (df,df 2 ) = —\{dTi,dr\). 

We may analogously definite and discuss the rigidity of the second order, 
even higher order infinitesimal isometric deformation of surface f. But in 
here we only show that g e gives rise to a second order infinitesimal isometric 
deformation of g if g e is equal to g up to second order, i.e. 

(dg t /de)l =Q = (d 2 g e /de% =0 = 0. 

Consequently, 

<*r*-(€) _^£|(e) ^ dKje) , _ d?K(e) , 
de le=0 de 2 le=0 de le=0 de 2 le=0 
And then, Then two order derivative of the Darboux equation ()1,5|) for z+eQ 
with respect to e, letting e = 0, gives 

(1.10) (ft, k)tt ij Vy<2 + 2(V^, VC2) = - ^o.y " l V Ci| 2 > 

where Ci and C2 respectively is the third component of f\ and T2. 

Remark 1.1. (|1.8jl is the linearization with respect to (|1.5jl . In addition, 
(jl.Sjl . (jl.l()|l and the linearization with respect to (|1.2fl all are belong to the 
same kind of degenerate elliptic equation. 

The degenerate elliptic equations we shall study is very closely related to 
rigidity problems arising from infinitesimal isometric deformation, as well as 
other geometry problem, such as minimal surface in hyperbolic space, etc. 
In particular, the existence of solutions with high order regularity is very 
important to investigate many geometry problems. One would like to know 
under what conditions the solution of such equations are as smooth as the 
given data. The theory on well-posedness and regularity of solutions to such 
equations, plays a crucial role in the above fields. Anyway, such equations 
are deserved to be investigated vastly. However, so far such equations might 
not be able to be treated by any standard methods. Therefore maybe they 
will stimulate a general study of linear, semilinear, quasilinear, and fully 
nonlinear degenerate elliptic equations. 
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1.2. The main question. The present paper is to devoted to investigate 
the well-posedness of boundary value problems for a special class of degen- 
erate linear elliptic equations with previous geometric backgrounds. The 
aim of this subsection is to bring up the main question of this paper. We 
start with a few definitions and introduce notation and terminology that is 
consistent throughout this paper. 

Let C M 2 be a bounded simply-connected domain with smooth bound- 
ary dd. And Cl is divided into two subdomains by a smooth closed curve 
T. One of the subdomains is called interior subdomain which is a simply- 
connected one of £1. We denote it by f2+, i.e. 0+ CC ft. Another is denoted 
by f2_ := fl\ which is connected. The boundary of Vl + is denoted by 
dft + . In addition, let ip be a function in fi, and set 

r := dn + = {(6,6) e ft | v>(6,&) = o}, 
ft+ := {(6,6) eft | ¥>(6,6)>0}, 

:= = {(6,6) G ft I <0}, 

where ip is called the definition function of T. Moreover, we suppose V</? 7^ 
on T, and denote the inward normal direction to the boundary <9f2 + by 
n. Obviously, 



Consider 



Lu = p(A ij u^ 3 + Cu) + in ft C ro2 

where 

(1.11) <p,A ij ,B l ,C e C°°(n) for i,j,l = 1,2. 
Assume that 

(1.12) A*Vfe>A |»7| 2 for all 7/= (771,773) Gt 2 , (i,j = l,2). 
where Ao is a positive constant; 

(1.13) < on r; 
and 

(1.14) C<0 for all (6,6) eft. 
Obviously, from the above assumptions it is easy to see that 

(1-15) (^^.)| r > A (|V^| 2 )| r >0. 

Assume that F E L 2 (fl) , (7 € H 2 (fl) . we shall discuss the well-posedness 
of the following boundary value problem (Abbreviation: BVP) 

Lu = F in Q, 
(1.16) < u = g on T, 

u = on <9$7. 

V 

Now we state the definition of weak solution in the following 
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Definition 1.1. Assume that F G L 2 (Q),g G H 2 (n). A : H^(n)xH^(Q) -» 
R a continuous bilinear form, is defined by 

A(u,v) = / [-u^(A ij ipv)^ .+ fCuv + B l u^v]d£ for all u, -u G Hq (O). 

If n G .f/g(f2) satisfies that 

f ,A(u, u) = (F, u) for all u G 
\ w = g on T, 

where the boundary value is to be interpreted in the sense of traces. Then 
u is called H 1 weak solution of BVP (fTTfiJl . 

The question 

Is there a H 1 solutions of BVP (jl,16|) and unique is such 
solution? 

is unknown as the well-posedness of the boundary value problem for degen- 
erate elliptic equations. 

Throughout this paper we will utilize such Convention: (1) The C that 
are appearing in paper, all express positive bounded constant. But they 
are possibly different when they are appearing in different rows. (2) We 
often use "— and "— expressing respectively weak convergence and strong 
convergence in the corresponding function spaces. 

1.3. The main result and its trivial generalization. The main result 
of this paper is the following 

Theorem 1.1. Suppose <p, A % i , B l (i,j,l = 1,2), and C satisfy the con- 
ditions (fTTTTjl . (fTTT2l . ifTTTSll and (fTTIj) . Let F G L 2 (n) and g G H 2 (VL). 
Then there exists an unique H 1 weak solution u of the BVP (jl,16|) . and u 
satisfies 

(!- 17 ) \\ u \\m(Q,) < C [\\ F \\l?{Q) + 1 1 5 1 1 //2(C) ] , 

where C is a constant depending only onT , \\^p\\(j3rm, \\A lJ \\(j2(p)> ll^'llc 1 ^) 
= 1,2) and ||C|| cl ^. 

Remark 1.2. The BVP (|1.16J) can be discussed in R n+1 under the same 
conditions. And the similar result also can be obtained by the same methods 
in the case Since all the generalization is trivial, we omit to state this 

result and the details of its proof at here. 

Remark 1.3. We explain briefly some known facts about the works of Olemik 
and Radkevic (for details, to see [H]). Their theory requires that the char- 
acteristic form of the equation is non-negative in the global domain. But 
the characteristic form of equations in the problems which we deal with is 
changing its signs in the domain. Next the theory of Oleinik and Radkevic 
requires that the coefficient of unknown function term for the equation is 
negative enough. It is usually not provided with this condition in the prac- 
tical problems. Hence we could not get the L 2 solution from the direct 
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applications of their conclusion to our problems. This is the difficulties in 
our problems. 

Of course the regularity of solutions plays an important role in the study 
of geometry problems. So we need to make a further discussion on the cor- 
responding regularity of solutions to such problems. The further results on 
regularity will be given in our preprint paper |25j . In spite of many rele- 
vant progress, up to now there has been no standard way to deal with such 
kind of problems, and some crucial problems remain unsolved. Therefore, 
maybe our methods are helpful in studying the general degenerate elliptic 
equations. 

2. Preliminaries. 

2.1. Homogenization of the BVP (jl.lfij) . Suppose g may be extend to 
domain f2, still be denoted by g, such that g satisfies g = on d£l. Without 
loss of generality we may assume that g = 0. In fact, if u is a solution of 
BVP Q1.16|) . let v = u — g, then v is a solution of the following BVP: 

J Lv = F — Lg in f2, 
\ v = on TUffi. 

Hence, instead of the primary BVP (|1.16f) we may discuss the well-posedness 
of the following BVP: 

, , f Lu = F in n, 

{ > \ u = onTUffi. 

2.2. Simplification of the form to Lu = F. Firstly, we will simplify the 
form of the equation Lu = F in some neighborhood of T. By a appropriate 
transformations of the variable in a neighborhood of T, we get the following 
result: 

Lemma 2.1. By a appropriate transformation <3? of the variable in some 
neighborhood J\Tq(T) ofT, Lu = F can be translated to the following form: 

(2.2) £u = y{uju xx + u yy + cu) + au x + bu y = f, on Dd , 

where 

D do = $(7V (r)) ={(x,y) | - vr < x < ir , -do < y < d }, 

and LV,a,b,c,f are all periodic functions with period 2tt on x. uj,a,b,c E 
C°°(D do ). 

Proof. We might as well suppose that T may be expressed as follow 

r = {(v 1 (s 1 ),v 2 (s 1 )) I <«!<!}, 
where s\ is the parameter of arc length, and I is the length of T. Obviously, 

^l 2 + V2 = 1 on T, 
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where "■" means the derivative with respect to s\. Then there exists a 
neighborhood A/o(r) of T, such that any £ = (£1, £2) £ A/"(r) may be express 
as 

£1 = ^i(si) + «i(si)s 2 , 
6 = ^(si) + ra 2 (si)s 2 , 

where n = (ni,n 2 ) is the inward normal direction of Meanwhile it is 
also the exterior normal direction of 0_. In Afo(T), we know easily that 
£ = (£^£2) £ r for S2 = 0. On the other hand, since (vx,u 2 ) is the unit 
tangent direction of T, so (z>2, — ^1) is the inward normal direction of T. 
Hence (z>2,— z>i) = (ni,n 2 ). 
Clearly, 

>2 + n 2 s 2 n 2/ 



D(s 1 ,s 2 ) 



s 2 =0 



i 2 =0 



\s 2 =0 



2 1 2 

n l + n 2 



1. 



= [vin 2 - v 2 n\ + (z>if 2 - ^iz>2)«2]| 

Thus by the inverse function theorem, for \s 2 \ < 5, there exists a sufficient 
small constant 5 > 0, such that s\,s 2 are smooth functions on £i,£2- We 
express si,s 2 as follow 

si(6,6), 



si 

S2 



Applying (j2.3|) again, we have 
ds 1 
d£i~ 



(2.4) 



n 2 /A, 



^ = -(z>2 + n 2 S2)/A, 

I C£l 



and 



W2 
ds 2 
W2 



-m/A, 

(z>l + nis 2 )/A, 



where A = trn2 — ^2^1 + (jiin 2 — nih 2 )s 2 . 

In the sequel, by the transform 3 and direct calculation, the equation 
Lu = F become 



(2.5) 
where 

(2.6) 



<p(A ij 



+ Cu) + B k u s 



A lJ = A 



lr 



dsi dsj 



Obviously, the transform 3 : M(T) 1— > 3(A/"(r)), and makes T to become 
3(r) = {(si,s 2 ) I 0<si </, s 2 = 0}. 



So, we have 

(2.7) 

where 



V(si,s 2 ) = s 2 <p, 



Jo 
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and 

(p(st,0) = (£ S2 (si,0) 



(V9 6 m + <^ ?2 n 2 ) 



r 



= U^i+^i )| r (^?+^) 

= (|v^|)| r ^o. 

Then there exists some neig hborhood U C S(jV(r)) , such that </> / in *7. 
Transforming the equation Lu = i 7 again, by 



6 : 



xi = ip(si,s 2 ), 

X2 = S 2 , 



where if) is a undetermined function. Then the form of the equation Lu = F 
is translated from (|2.5f) into the following form: 

By simplification, we obtain 

x 2 (p [{A lj ip Si %l) S] )u XlXl + (A /2 -0 Si )ux 1 x 2 + A 22 u X2X2 + Cit] 

(2.8) +{x 2 A i ^ s . s . + B k i> Sk )u Xx + B 2 u X2 = F. 

In order to delete the mixed derivative term (A l2 tp Sl )u XlX2 , we consider the 
Cauchy problem 

(o q) S A 12 ^ S1 + A 22 ^ S2 = 0, 

{ 1 1 V(si,0)= Sl . 

Together with we have 

^ = («2 ,-nO ^n 2 )(_^)>0, for S2 = 0. 



Therefore, 



(1 12 ,,4 22 ) ( J] =,4 22 >0 on r. 



On one hand, according to the theory of one order PDE, there exists an 
unique solution ip* of the Cauchy problem (|2.9|) in a neighborhood V (C [/) 
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of {0 < si < S2 = 0}. Obviously, ip*(si, S2) + / is a solution of the Cauchy 
problem 

i 12 V Sl + A 22 ^ S2 = 0, 
V>(si,0) =sx + l. 



(2.10) 



On the other hand, since A 12 and A 22 are both periodic function with period 
/ on s, thus ip*{s\ + l,S2) is also a solution of the Cauchy problem (12.10(1 . 
Consequently, by the uniqueness of solution of the Cauchy problem, ?p*(si + 
h S2) = i>*(si, S2) + /• By choosing ip = ip*, it follows that det J\ S2=0 = 1 > 
0, where 

j-(K r S2 
J ~ \ 1 

is the Jacobi matrix of the transform O. Additionally, by the theory of 
one order PDE, we know that the solution depends on continuously the 
initial data and the equation's coefficients. So there exists a sufficient small 
neighborhood W (Q V) of {0 < s < l,s 2 = 0}, such that ip* £ C°°(W) 
and det J > for all (si,S2) £ W. Therefore, the equation (|2.8|) can be 
simplified as follow 

V £ [(^°'<^)«xix a +A 22 u X2X2 + Cu] + {yA^m. s . +B k il>* k )u Xl + B 2 u X2 = F 

in the neighborhood W of {0 < s < I, S2 = 0}. 

Without loss of the generality, we may assume that 

6 O E(r) = {(XI,X 2 ) \ - 7T < Xi < IT , X 2 = 0}, 

and 

: W i-> G(W) C o S(AT(r)) C { (xi, x 2 ) | - vr < x x < vr}. 

According to all the above analyses, we know that D do C O(VF) for an 
adequate small <io, where 

D d = { (xi,x 2 ) j - vr < xi < 7T, -d <x 2 < d .}. 
Define $ = 0o~, and denote Af (T) = $ _1 (D rfo ). Obviously, A" (r) C AZ'(r). 
Since p|jy fn > 0, A 22 ]^^ > 0, therefore (|2,8[) can be simplified as follow 

(2.11) £u = x 2 (uju XiX1 + u X2X2 + cu) + au Xl + bu X2 = f in D do , 
where 



(2.12) 



A 22 A 22 tp 

B 2 C „ F 



f 



A 22 !p A 22 A 22 yp 

For the simplicity, we still denote respectively x\^X2 as x,y from now on. 
Thus we simply rewrite (|2.11j) as (|2.2|) , Obviously, from (|2,12|) it follows 
that Lv,a,b,c,f all are periodic function with period 2tt on x. In addition, 
from Ijl.llJI it follows that u, a,b,c£ C°°(D do ) . □ 
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For the sake of simplicity, denoting luq = u(x, 0), ao = a(x, 0), &o = 
6(x,0); 

L £ u= (p + e)(4 ij 'u£ i6 + Cu) + £ i u 5i (i,j,Z = 1,2); 
L (-e) u = ^ _ e){AV Hii . + Cu) + B\ t I = 1, 2 ); 

£ e n = (y + e)(a;'U a;a; + n TO + cu) + au x + 6u y ; 
£^~ £ 'u = (y — e)(oJu xx + u yy + cu) + au x + 6n y ; 
D+ = { (x, y) | - 7T < x < vr , < y < d}; 
D d = { (x, y) | - vr < x < vr , -d < y < 0}. 

In the sequel, we shall always use such convention: we sometimes identify 
mo$ _1 as u, and still denote tio$ _1 by u. Anyway, no confusion of ideas will 
rise in this paper if only one keep concretely close touch with the context. 

Proposition 2.2. 



(2-13) ... . .„ 

Proof. The result follows from ([2~fil). (t2~T2l and (f!T7fl. □ 
Remark 2.1. By (|2.13[) and (|2.12jl . it is easily verify that 

b < is equivalent to (|1.13|) i.e. (B ' <Pfa) < on T; 



c<0 is equivalent to Q1.14J1 i.e. C < for all (£i, £ 2 ) € f2. 

2.3. Elliptic regularization of the BVP (j2,l|) . Under the conditions 
(|1.12f) . ()1.13|) and (|1.14|) . we will employ elliptic regularization to discuss 
the well-posedness of the following BVP: 

Lu = F in Q + , 
u = on r, 



(2.14) 
and 
(2.15) 



Lu = F in f2_, 
u = on r U da 



Since (p > 0, on f2 + ; 99 < on f2_. then we thus may construct the 
following subsidiary BVP: 

' L e u = F £ in n+, 
u = on r, 



(2.16) 
and 
(2.17) 



L^u = F £ in 
u = on T U dQ, 

where F £ G C°°(J7). In fact, we may choose F e as the mollification of F. 
Moreover, if F G H k (tl), then 

( 2 -18) ll-F E ||# fe (n) < Cfc||^ll// fe (f7)i 
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where Ck is a constant depending only on k; Furthermore, 
\\ p£ ~ *1Lff*(n) 0> as e ^ 0. 

3. H 1 ESTIMATES FOR SOLUTIONS OF THE BVP (|2.16jl . 

In this section, we will discuss the H 1 estimates for solutions of the BVP 
(|2.16j) . According to the I? theory of second order elliptic type equation, 
there exists a solution u £ G C°°(f2+) of the BVP (|2.16j) . and also a solution 
u (-e) G C°°(TL-) of the BVP (f2~T7|) . Obviously, the interior H 1 estimates 
for solutions of above the BVPs, can be derived from the standard interior 
H 2 estimates of second order elliptic type equation. Therefore, we only 
need to give the local estimates in a neighborhood of T. In addition, from 
the Lemma 12.11 it follow that if we want to estimate the solution u £ (or 
■u(~ £ )) of the BVP (|2. 16|) (or (|2.17jl ) in a neighborhood of T, then only need 
under the conditions 6o < 0, c < 0, to make the local H 1 estimates for the 
solution of £ £ u = f £ in D^ , with u(x,0) = (or £^~ £ ^u = f £ in DJ , 
with u(x, 0) =0) in a neighborhood of {y = 0}, where f £ is the mollification 
of /, satisfies that ||/ E ||z,2 < C 1 1 / 1 1 ^2 , and constant C is independent of e. 

3.1. H 1 estimates for the solution of £ £ u = f £ with u(x, 0) = 0. Under 
the condition 60 < 0, c < 0, we will give the H 1 estimates for the solution 
u £ of £ £ u = f £ with u(x, 0) = in the following 

Proposition 3.1. Suppose uj > to* > ; 60 < 0, c < 0. Then there exists a 
constant a = a(co,a,b) € (0, do/2], such that for any d £ (0, a], the solution 
u £ of the equation £ £ u = f £ with u(x, 0) = has the following estimates 

(3.1) l|Vul L2(D;[) < C[||/ e H^+j + ||n e || L2(D2+d) ], 

where C is a constant depending only on uj, a, b and d. 

Proof. First, we construct the cutoff function 1? G C°°(M+), such that < 
•& < 1, and satisfies 

(3-2) * = m = \ 1 n '°VJ d ' and l^l<S> e N. 
v ; K ' \ 0, y > 2d, 1 dy k 1 ~ d k 

Define v £ = flu 6 . Thus, from £ £ u £ = f £ it follows 

(3.3) £ £ v £ = df £ + 2{y + e)$ y u £ y + [(y + e)d yy + b$ y ]u £ in D+ . 

Clearly, u £ (x,0) = implies v £ (x,0) = 0. 

Now we make both sides of (|3.3|) inner product with v £ /(y + e), i.e., 



v £ 



(3.4) -{£ £ v £ , ——) =-{$f £ + 2(y + e)$ yU £ y + l(y + s)$ yy + b$ y }u\ | 
Moreover, denoting 
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For the left-hand side of (|H.4|) . we get 



V s 



[ ~ (UV% X + V yy) v£ ~ C \ v£ \ 2 — V £ X V £ — V £ V £ ] 

yy y + e y + £ y 

[ - (uv £ v% - (v £ y v £ ) y - c\v £ \ 2 + u x v £ v £ + uj\v £ x \ 2 + \v £ y \ 2 



2y + 2e' 1 v 2y + 2eV 1 J 



2d 1 / i e^\2d , f 2d ( b\v £ \ 2 . |M 

« ) o,idy - / — ! — ! — ) L dx 

2y + 2£ K 1 1 J_ 2d y 2y + 2£ )]o 



o 



1x1 1 5/1 x L 2y + 2e K 2y + 2e J v 



c]\v £ \ 2 



and 



- (?/ + e)(a x . + fr y ) - 6 
2(y + e)2 

1 /" /" i ,9 /" f 



^r;,r <-ll u\v^+ ^\u £ \ 2 . 



In addition, the terms in the right-hand side of (|H.4jl have the following 
estimates: 



y + £ 5 J J 16 J J (y + e 



2 ' 



2(y + e)^— = // 2ti y (#u £ y )u £ 



and 



2{d y v £ y u £ -$ 2 y \u £ \ 2 ), 



W £ \ 2 



Thus we have 

Jj2(y + e)^u' v -^.< l -jJ\.f; 

fh"£- t <-l jj "wW Teller 
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and 



Together with H3.4() and all above estimates, it implies 

„ K | 2+K | 2 + [ fo±|K±M^_ c]K | 2 ; 



<- 

~5 



4 ff »2\ f s\2 , ff / 4 |i,|2 „q2 , „ Q 2 u; a: , Mn q |\|„.£|2 



1 /"/" ',.,12 , 1 /■/■ | „. £ |2 * /"/■ l^ 12 



+ t / / u «£ r + - / / v?r + - 



^JJ 2JJ 1 yl 8JJ (y + e) 2 ' 

Hence by a simplification procedure we obtain 

(3.5) // {^ K ? + HP + [ M^ + MZLJ - C ] |».|»; 



< j fj&\r\' + ff (5|O5 + 2* 2 ^ + 2*IV0l»'" 2 



Since 60 < 0. By the continuity of 60, there exists a constant Jo > such 
that —bo > So- Subsequently, by the continuity oft, there exists an adequate 
small constant o\ such that —b > % for < y < 01. So, we have —b—^f > ^ 
for < y < g\. Choose 5 = 60, from (|3.5|) we get 

(3.0) //{^ W |. + W p + [ M^^±i - e]K |.} 



= Ul* 2 \f'\ 2 + II (£lC< + 2f» 2 J + 20|tf w |)l» 



E|2 



Obviously, we may choose a sufficient small constant 02 > 0, which only 
depends on <5o, &; such that (y + s)(a x + 6 y ) + ^ > 0, for < y < o-i- 

Choose a constant a = min{o"i, 02, do/2} and together c < with ()3.6|) . 
we therefore obtain that 

[YK| a +K| 2 ) < I // * 2 |/ e | 2 + / [ (^bt^ y+ 2^ + 2^ yy \) K| 2 . 

always holds for any d < a. Finally, by utilizing uj > uj* > and (|3.'2[) . we 

have 



|u £ | 2 . 



This implies (J33J). □ 
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Proposition 3.2 (Boundary H 1 estimates). Assume the coefficients cp, A % \ B l 

= 1,2.) andC of the operator L satisfy the conditions (|1.12jl . 13|> 

and (|1.14j) . Then the solution u e of the B VP l|2.16j) , satisfies that 

(3.7) < C[\\u e \\mti+) + \\F £ \\mn. + )]i 

where C is a constant depending only on IMIc 3 (TT+)' lie 2 (fT + ) and 11-^ llc 1 (n+) 
(i,j,l = l,2). 

Proof. Rewriting the inequality ()3.1|) in term of the variable £ = (£i, £2), we 
have 

II Vu£ Hl2[*-1(D+)] ^ C {\\ u£ \\L^HDt)] + H i?£ |lL2[4.-i(D+ )]}• 

Let the integral domain <I> {D^J) of the right-hand side of the above in- 
equality extend to The proof is complete. □ 

Lemma 3.3 (Interior H l estimates). Under the conditions of Proposition 
VS.2l Then for arbitrary fl' CC Q+, the solution u e of the equation L £ u = F e 
has the following interior estimates 

(3-8) Kllffi(n') < C[\\u £ \\ L 2 {n+) + \\F e \\ LHn+) ], 

where C is a constant depending only on dist{Vt' ,T}, ||v 3 |lc; 2 (n + )' HcVfi+V 

ll- B 'llc 1 (^+) and H^llc 1 ^)' 

Proof. From the interior H 2 estimates of second order elliptic type equation 
directly follows the conclusion. □ 

Proposition 3.4 (Global H 1 estimates). Under the conditions of Propo- 
sition Then the solution u £ of BVP ()2.16() . has the following global 
estimates 

(3.9) IKIIffi(n + ) < C[\\u £ \\ L 2 {n+) + \\F £ \\ L 2 {n+) ], 

where C is a constant depending only on IMIc 3 (H + )' \\c 2 (n + )> W^ l \\c 1 (n + ) 
(i,j,l = 1,2) and \\C\\ cl ^ + y 

Proof. Choose O' = Q+ \ <5>- l {D+ /2 ). follows from (jHH) and (JSU). □ 

3.2. H l estimates of solutions of the BVP (l2~Tlj) . 

Lemma 3.5 (see Lemma 3.1 of (22]). Let f G ^(Dj), if v G H\U^) is 
a weak solution of the following BVP: 

(L-XI)v = f inD+, 
v is a periodic function with period 2tt on x, 
v(x,0) = v(x,do) = 0. 

Then there exists a Xq > 0, such that when X > Xq, we have v x G H (D^), 
and 

Klli<c||/||i, 

where C is a constant. 



2vr 

So we have 
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Lemma 3.6. Let u,u x G H 1 ^). Then u G C(H). 

Proof. In fact, by the localization technique, we only need prove one con- 
clusion: 

let u,u x G H 1 ^ 2 ), then u G C(M 2 ). 
Firstly, that u, u x G H 1 ^ 2 ) is equivalent to 

±- / |u| 2 [l + e 2 + r / 2 + C 2 (e 2 + r / 2 )]^r / <+oo. 

where 2 expresses the Fourier transform of u. 
Secondly, it is easy to verify 

— / \u\d£dri 

=ir [ \u\^+f + V 2 + f(^ + V 2 )^ r<%dr) 

< ^ 2 i-i 2 [i + e + v 2 + f(e + v 2 mdv) h 

x (SF I i + ^W^ 2 )^) * < + °°- 

Thirdly, since u(x,y) = ^ J R2 e l( - x ^ +y ^u((,rj)d(,dri, thus we have 

y) - u(x , y )| < — [ {jte+m) - e^+yov) | . r))\d£dr). 

Finally, we define G(£, rj; x, y; x ,y ) = \e i{ ^^ - e^ + ^ \ ■ , rj)\. Ob- 
viously, 

G(£,7];x,y;x ,y ) -> a.e. in R 2 as (x, y) -> (ar , yo) 

In addition, |G(£, t/; x, y; xo, yo)| < 2|u(£,77)| G L 1 (IR 2 ). Hence the Lebesgue 
Dominated Convergence Theorem implies 

\u(x,y) -u(x ,y )\ -> as (x,y) -»• (x ,yo)- 

i,e., u G C(1R 2 ). □ 

Lemma 3.7. Let u* be a H 1 weak solution of the following BVP: 

(3.10) ( LU = ° m 

v ' y u = on T. 

Then u* = 0. 

Proof. Firstly, we prove u* G C(f2+) n C 00 (r2 + ). According to the inte- 
rior regularity of second order elliptic type equation, we know that u* G 
C°°(Q'), for all Q' CC f2+. Because of L only degenerates on T. Thus we 
only discuss the continuity of u* in some neighborhood of T. 



18 YUE HE 

From the Lemma 12.11 it is easy to know that Lu* = may be simplified 
as £u* = by the transform : Mq(T) *— > Dd - Define a cutoff function 
C G C°°(IR^) as follows 

* j-/ \ f 1 for < 1/ < 5, / „ . do n. 

( = C(y) = < n , Z nT (for<5<— ) 

s svw; | for y > 2(5. v 2 ' 

From = 0, it follows easily that (£ — \)((u*) = /*, where /* = 2y( y u* + 
(yCyy + bCy ~ ^C) u * ■ Obviously, (u* is a H 1 weak solution of problem 

' (£ - X)w = f* in D+ 
w is a periodic function with period 2tt on x, 
w(x, 0) = u>(x, do) = 0. 

Obviously, u* G H 2 (D+ o \Dj). Direct calculation shows that /* G 
Hence by applying Lemma f3.51 we have (C,u*) x G H 1 ^^ ). Thus Lemma [3 .61 
implies (u* G C(5J). Consequently, u* G C(D^). Set AA+(r) = ^(Dj). 
Then u* G C(A/' 1 + (r)) . Using the interior regularity of elliptic equation, we 
deduce u* G C(H+) n _ 

Next we will prove ii* = 0. Since «* on T = and u* G C(f2+). for any 
e > 0, there exists a constant 5q = 5o(e) such that 

\u*(£,r))\ < e for dist((£, r,), Y) < S . 

Choose simple connected domain Q' CC $7+, such that dist(dO,',T) < 
By the maximum principle of elliptic equation, then u* must attains its 
maximum and minimum of Vt' on dVt' , i.e., maxjy|n*| < max^py |u*|. 
Therefore, 

max \u*\ < max { max max \u*\\ < max { max \u*\, max |u* j} < e. 

By the arbitrariness of e, we deduce that max^ \u*\ < 0. This implies 

u* = 0. "' □ 

Now we consider a family of elliptic operators 

* = { V | L £ = (ip + — — + C)+B l — ; A ij ,B l , and C 

satisfy (fTTTTT) . (ITT21 . (HHJ); i,j,Z = 1,2, < e < 1.}. 

Lemma 3.8. Suppose that for any L £ £$,re C ' . Let u G u>i£fo 
-u = on T, and satisfies the estimates 

(3- 11 ) \\ u \\m(n+) < C[\\u\\ L 2 {n+) + ||L £ n|| L2(n+) ] , 

Then we have 

(3-12) Nlffi(n+) < C|I l£, "IIl 2 (q + )) 

where constant C is independent of u and e. 



Uk = y(Uni H 1" u n k/ 
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Proof. If the conclusion does not hold, then for any n S N, there exist 
sequences {u n } satisfying the assumed conditions and {e n }, such that 

(3.13) H^nll-ffi — n 1 1 -^"""n 1 1 £2 and ||u n ||x2 = 1. 
By ipnTjl . it follows that 

II || ^ r,(\ u n\m . -,\ 

v n 

Thus we have 

(3.14) IKIIffi < C for n > 2C. 

Therefore a subsequence {ii nfe } of {u n } converges weakly in ff 1 (0 + ) to some 
function u* £ F 1 (0 + ), i.e., 

u nk — 1 u* weakly in i7 1 (r2 + ) as — > oo. 

According to the Banach-Saks Theorem (cf. |19|). we may choose a subse- 
quence of {u rik }, might as well still denote by {u nk }, such that {v-k} which 
is consist of the arithmetic mean of {u nk } as follow 

1 

k [ 

converges strongly in ff 1 (J7 + ) to u* € i? 1 (0+), i.e., 

Uk u* strongly in // 1 (r2 + ) as k — > oo. 

Obviously, 

Uk = Tj( M ni H 1" u « fc ) = on T. 

By the Trace Theorem, it follows that u* = on T, in the sense of traces. 

Since {e nfc } is bounded, there exists a subsequence of {e nfc }> might as well 
still denote by {s nk }, such that 

£n fc — > £o as k — > oo. 

In addition, by the Sobolev embedding theorem, 

u nk — ► strongly in L 2 (J7 + ) as fc — ► oo. 

So we have 

L £n k Unk L £0 u* as fc -> oo. 
in the sense of distribution. Together (|3.13|) with l|3.14|) . we deduce 

C 

\\L en k Unk \\ L 2 < — , 
n k 

Letting k — > oo, we conclude ||L £ °M*|| i 2 = 0. Hence in the sense of distribu- 
tion, we obtain L £ °u* = 0. 

Since u* = on T and L e °u* = 0, thus u* is a ff 1 weak solution of the 
following BVP: 

L £0 u = in + , 
u = 0, on r. 



(3.15) 
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Then we have u* = 0. 

We will respectively prove u* = in the following two cases: 

1) £q > 0, then by the Maximal Principle of second order elliptic type 
equation, we know that the BVP (j3.15j) only has null solution. So, u* = 0. 

2) eo = 0, i.e., u* is a H 1 weak solution of the BVP (|3.10j) . Then Lemma 
13.71 implies u* = 0. 

On the other hand, 

1 = ll n n fe ||L2 — > ||u*|| L 2 as k — > CO, 

yields ||it*||^a = 1. This contradicts u* = 0. The proof for (|3.12j) is complete. 

□ 

Theorem 3.9 (Global H 1 estimates). Under the conditions of Proposition 
I.V.M Then the solution u e of the BVP (|2.16j) . has the following global esti- 
mates 

(3-16) \\u £ \\ H i(n + )<C\\F\\ LHQ+) , 

where C is a constant depending only on 1 1 V 7 1 1 o 3 (Ti + ) ' H^ Hc^fi )> W-^ l \\c 1 (n + ) 
= 1,2) and \\C\\ cl( ^ + y 

Proof. By Proposition 13.41 and Lemma 13.81 we immediately obtain 

(3-17) ll« e ||fli(n + ) < C\\F £ \\ L2{Q+) . 

Inequalities (|2~TH|) and (|3~T71) yield (EHnT) . □ 

Lemma 3.10. There exist a subsequence {u £ '} C {n £ } o/ solution of the 
BVP (I2~T11) . micft t/ifli 

(i) n e — ^ u weakly in // 1 (0 + ) ; as e' — > 0; 

(it) u £ — ► u strongly in L 2 (£l + ), as e' — > 0; 

Fnri/iermore, 

(m) we /iaue i/ie estimates 

(3-18) hllifi(n + ) < C||^lk2(n + ), 

where C is a constant; 

(iv) u = on r in i/ie sense of traces, denoted by j(u) = 0. 

Proof. Together (|3~TrTj) with the fact i? 1 (^+) ^ ^ 2 (^+) compactly, it fol- 
lows the conclusions of (i), (ii) and (in). 

In addition, from u £ = on T, the conclusion of (i), and the fact 7 : 
F 1 (0 + ) ^ L 2 (r) is compact map, it follows easily the conclusions of (iv). 

□ 

3.3. Some properties of solutions of the BVP ()2.16f) . 
Lemma 3.11. \\(tp + e)u e \\ H 2 {Q+) < C\\F\\ L 2 {Q+) . 
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Proof. Consider the following BVP: 

f A^[(<p + e)u%^ = F £ + (2A«> & - B^)u\. - cu £ in Q + , 

\ ((p + e)-u e = on T. 

In the sequel, observe that ||F e +(2^4 l:, (/?^— B 3 )u 6 ^ — cu £ \\ L 2^ + ^ < C\\F\\ L 2^ + y 
Thus, by employing the regularity theory of second order elliptic type equa- 
tion, we obtain the claim. □ 

Without loss of generality, we may assume do = 1. So D^ q = = 
[-7r,7r] x [0,1]. rj £ C°°([0, 1]), is defined by 

f 1 for < y < i, 
V = V(V) = \ r. r 2 ^ an d < 7? < 1. 

' /vy; \ for | < y < 1, - / - 

Lemma 3.12. TTie solution u £ of £ £ u = f £ with u(x,0) = 0, satisfies that 

lim ||e«^(-,0)|| L 2 ([ _ ff)W]) = 0. 

Proof. Note that <£ e -u e = / £ implies 

(y + e)u yy = f - uj(y + e)u £ xx - au £ x - bu £ y + cu £ . 
Therefore, we obtain easily 

(y + e)(rju £ y ) y = (y + e)r] y u £ y + rj(y + e)u £ yy = h £ , 
where h £ := rj[f £ — ojrj{y + e)u xx — arju x — crju £ ] + [(y + e)^ — rjb]u y . So 



It follows that 



and 



f 1 1 

W £ y = -J y^h £ (x,T)dT 
f l 1 

rj(y + e)< = -(y + e) / — — h £ (x, r)dr 

Jy T+E 



From this inequality we get 



Hy + s)u £ y\\ 2 L2{[ _ nM) = f (y + e) 2 ([ -L-h £ (x,T)dT) 2 dx 

J it Jy * \ £ 

<(y + z) / T)\ 2 drdx 

Jn Jy 

< (y + eW\\ 2 L2{Dt) 
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On the other hand, by a direct calculation and together (|3.1f)|) with Lemma 
13.111 we get 

ll^ £ Hl,2(£>+) < C\\F\\ L 2 (n+) . 

From the previous two results we deduce 

\\rj{y + e)u £ y \\ L 2 {h7T)7T]) < C(y + e)a ||F|| £2(n+) . 
In particular, for y = 0, with 7/(0) = 1, the above inequality yields 

ll«4(''°)ll£ 2 ([-^]) - Ce *\\ F \\u t (n+) -» 0, as e ^ 0. 

□ 

Corollary 3.13. T/ie solution u e of the BVP (f2. 16|) satisfies that 

lim||«4J L 2 (r) =0. 

Proof. The solution u £ of the equation £ £ u = f £ with u(x,0) = 0, satisfies 
that u% = 0. So it is apparent that ||ei4(-, 0)||i 2 ([— 7r,7r]) = 0- By Lemma T3. 121 
and the transformation of variable, we easily prove the conclusion of this 
Corollary. □ 

Remark 3.1. Under the same condition, we may estimate the solution of 
the BVP (|2.15j) in the case £2_. By the similar procedure and argument, 
it will lead to the completely same results as the case VL + . But we do not 
state these corresponding results, as well as omit the proof of these results 
at here. 



4. The well-posedness of the BVP (|2.1|) . 

In this section, we will discuss the well-posedness of BVP (|1.16j) . i.e. to 
prove Theorem ll.il For this purpose, we shall also need the following lemma: 

Lemma 4.1 (see [20D- Suppose that u + G H 1 {£1+) , u_ € H 1 ^^) , and 
their traces on T is equal, i.e. -yu+ = 7U_ . A function u 6 L 2 (£2) is defined 
by 

( u + in J7_|_, 
u_ in J2_. 

Then u G JET 1 (12). 

Theorem 4.2. Under the conditions of Theorem \1. 11 Then there exists a 
unique H 1 weak solution u of the BVP (|2.1|) in domain 12. And u satisfies 

(4- 1 ) \H\m(n) < C\\F\\ L 2(q), 

where C is a constant depending only onT, 1 1 V 9 1 1 c 3 (IT) ' ll-^- y 'Hc a (nv H^'Hc 1 ^) 
(ij,l = 1,2) and ||C|| c i^. 
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Proof. Recall that u 6 ' and u^~ £ '^ are the solutions of the BVP (|2. 16f) and 
(|2.17j) respectively. For the convenience, we use u and u to express respec- 
tively the limits of u £ and 

(i) u £ — u weakly in as e' —>■ 0; 

(ii) u(~ £ ' — u weakly in as e' — > 0. 
A function u G L 2 (f2) is defined by 

It in Q + , 
u in 

By Theorem 13.91 Remark 13.11 Lemma 14. 11 and 7 (it) = j{u) = u\qq = 0, we 
obtain that u G i/ 1 (ri), and u = on T U O, in the sense of traces. 
On the other hand, from L £ u £ = F £ and L^~ £ ^u^~ £ ^ = F £ , we get 

(L £ u £ ,v) = {F £ ,v), for all v G Cg(O), 

and 

(L^u^v) = for all v G Cft(fi). 

Thus, by Green formula, u £ = on T, and u(~ £ ) =0 on T U d£l, we obtain 
that the following identities 

/ [-uUA^(pv)^. + ((pCu £ + B l u\)v\d£- [ eu%A ij vn j ds = [ Fvd£ 
Jn + ! " *" Jr Jn + 

and 

J [-u^ £ \A ij ^v) ij +(^Cu ( -~ £) +B l u ( ^ £) )v]dC-Jeu ( ^ £) A ij vn j ds = J Fvd£ 
hold for all v G Cq(Q), where 

is the unit inward normal direction of df2+, Meanwhile it is also the unit 
outward normal direction of d£l _. 

Letting e tends to 0, by the above (i), (ii), Corollary 13.131 and Remark 
13.11 we get 

f [-u^(A ij (pv)^ + ipCuv + B l u^v]dS, = I Fvdi, for all v G Cg(fi); 
and 

/ [-^(^V^)?, + fCuv + B l u^ iV \di = I Fvdi, for all u G Cft(n). 

Consequently, u satisfies that 

/ [-u Ci (A ij <pv)£. + <pCuv + B l Uil v]d£ = [ Fvd£ for all v G C#(fi). 

Since Cg(O) is dense in Hq(Q). So, we have thus the existence of H 1 weak 
solution of the BVP (|2.1[) on f2 in a very simple manner. In addition, (|4.1|) 
will be followed by applying (|3,18|) and Remark 13.11 
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Finally, together Lemma E-{ . 71 with Rem ark E3] we obtain easily the unique- 
ness of H 1 solution to the BVP (|2~T]) in Q. □ 

According to subsection 2.1, we see easily that Theorem 11.11 is a trivial 
Corollary of Theorem 14.21 So far, we finish the proof for the main result of 
this paper. 
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